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Fig. 6. Comparing macro-model and a realization of a micro-model simulation of
2000 EWHs for a 10-hour accept-all/deny-all VPP experiment. Power response and
distributions of the standby populations (accepting and denying) are provided.

IV. QOS GUARANTEES AND DIVERSE DERS

When managing demand, it is critical to be cognizant of end-
consumer QoS. For example, when coordinating EWHs, people will
opt out en masse from water heater DR programs, the first time they
experience cold showers. However, before discussing QoS guaran-
tees for EWHs, ESSs, and EVs consider the following definition.

Definition 2: A coordinator (or VPP) providing grid services is
said to guarantee QoS if for a pre-specified SoC range and set-point
zset, there exist conditions under which the average SoC of the
DER population is greater than or equal to zset.

One way to guarantee QoS is with opt-out control, which has
been explored in the context of demand dispatch, e.g., see [15],
[28], but not for a PEM-based macro-model. The opt-out control
mechanism for PEM is described at the beginning of Section II
in ii). Thus, DERs whose dynamic state are lower than z exit
PEM (move to charge or exit ON) and join a new set of energy
states constituting the Opt-Out mode (denoted by ⊕). On the
other hand, if the dynamic state is too high, packet interruptions
provided by the timer’s matrix Cp,h for h={c,d} in (16) avoid the
need for a separate opt out (i.e., exit OFF). Interestingly, adding
opt-out operation to the PEM macro-model only requires a simple
augmentation of states with their corresponding transition rates as
shown in Figure 7. That is, q is redefined as q>=(q>⊕,q

>) with

q[k+1]=Mexit(I+M+
β[k]−M

−
βsb[k])q[k] and y[k]=cq[k], (19)

where I+M+
β −M

−
βsb

adds a diagonal block identity matrix and
uses zeros elsewhere since qopt are unaffected by β, βsb. Note that

Mexit :=

 M⊕ M	pem

M⊕pem M

,
where M⊕ is a sub-matrix of M that has all rows and columns
corresponding to states higher than the pre-specified PEM re-entry
bound removed. Finally, M	pem (M⊕pem) provides the transition
probabilities of exiting (re-entering) PEM. A depiction of the
transition diagram for a DER population under PEM with opt-out
control is provided in Figure 7.

A. QoS for EWHs and ESSs

For this type of DERs, Definition 2 implies that there must exist
some β such that cq(β)≥zset, where q(β) is the invariant distribu-
tion associated to β. Naturally by making β=(βc,βd)=(1,0) for
all times, the system reaches its maximum average dynamic state,

  

  
  

 

Fig. 7. Transition diagram of a DER population under PEM with opt-out control.

Fig. 8. Average SOC for EVs as a function of driving time and the probability of
going from standby to a driving state (SB ! DR). The solid and dashed red lines
indicate two level sets for constant p1 . The red dot indicates the value for p1 and p2)
for the maximum occupancy of driving states for which the fleet’s QoS is guaranteed
to reach 80% SOC.

and the system is in equilibrium, which also fixes βsb. Since end-
user events for EWHs and ESS do not alter their hybrid state, QoS
guarantees are provided by adding the opt-out dynamics as in (19).

B. QoS for EVs

The end-user events for EVs (i.e., driving) do change the hybrid
state. This renders some EVs unavailable to PEM, which couples
QoS guarantees to the (average) EV driving model. Next, we employ
the simple driving model introduced in Section III-A and formulate
a condition under which EVs can also guarantee QoS. The condition
will be in terms of the average drive time, which is related to p2

and the probability of going from driving (discharge) to standby.
Figure 8 shows the relationship between the average state of

charge of a population of EVs as a function of departure rate p2

and the probability of going from standby to driving (equal to p1),
where one can see that when the departure rate surpasses a threshold
for an specific p1 guaranteeing QoS is not possible. Recall from
the discussion about the driving model that the probabilities p1 and
p2 are independent of each other and that they can be chosen so that
they follow data such as that from NHTS [20] (see Figure 4b). For
a fixed driving state occupancy, it is possible to compute a bound
for the maximum average driving time that a fleet of EVs should
have so that QoS is guaranteed, which amounts to a bound on p2.
Recall that by fixing the driving states occupancy and p2, p1 is
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automatically fixed. Moreover, setting β=(0,1) and assuming that
cars return to standby from driving independent of their energy state,
the Markov transition matrix for EVs has the formA+p2B, where
A is an irreducible and aperiodic column stochastic matrix andB
is such that its columns add to zero. The invariant distribution of
the evolution equation q[k+1]=(A+p2B)q[k], for a fixed p2, is
computed by solving Ãq∗= b̃ with

Ã :=

I−(A+p2B)

1>N

q∗ and b̃ :=

0N×1

1

.
This system of algebraic equations has 3N+1 equations with 3N
unknowns, where one equation is redundant due to the fact that
the the dimension of the nullity of I−(A+p2B) is one. Therefore,
a least square procedure provides a unique solution q∗ that is the
desired stationary distribution. Specifically,

q∗=(Ã>Ã)−1Ã>b̃

=((I−(A+p2B))>(I−(A+p2B))+1N1
>
N)−11N .

Since p2<<1 for any practical scenario, then

q∗≈Q−1
1 1N−p2Q

−1
1 Q2Q

−1
1 1N , (20)

where Q1 = 1N1
>
N + IN − (A + A> − A>A) and

Q2 = A>B + B>A − B − B>. The condition that must be
satisfied for guaranteeing QoS is zset≤cq∗, where q∗ is related to
p2 via (20) and the dependence on β is omitted given that it was
previously fixed. Thus, a bound for p2 is given by:

p2≤
cQ−1

1 1N−zset
cQ−1

1 Q2Q
−1
1 1N

Observe thatQ1 =Ã>Ã|p2=0 is always invertible because Ã|p2=0

has full column rank. From the discussion at the end of Section
III-A, an occupancy of the driving states of πzDR = 0.1 with
p1 =0.00092 gives the exact threshold p2<0.00053, whereas the
approximation yields papprox

2 <0.00051. In other words, the exact
calculation says that one can guarantee QoS when the average drive
is less than 471.72 minutes (for ∆t=15 sec), and the approximation
gives 488.8 minutes as the driving time threshold. Figure 8 shows
the curve corresponding to the parameters above as well as the curve
that intersects the set point at 30 min driving time. These parameters
are in agreement with a fleet of EVs at off-peak driving hours of the
day which is when EVs become a real flexible resource and are well
beyond the 30 min average driving time assumed for the simulations
in this manuscript. For instance, the driving state occupancy for
guaranteeing QoS with 80% of average charge (accepting all
charging requests and rejecting all discharging requests) and 30 min
average driving time is approximately 37% (see Figure 8).

C. Illustrative simulation with tracking and QoS awareness

A fleet of 1000 EWHs, 1000 ESSs, and 250 EVs are modeled
using the macro-model developed in Section III-B and presented
in Figs. 9 and 10. The EWHs for this simulation have the same
parameters shown in Table I. The ESS models here are representative
of Tesla’s PowerWalls (2.0), which have battery capacity of 13.5
kWh, charge and discharge efficiency of around 95% (roundtrip of
92%), and a maximum (continuous) power rating (P rate

c,n =P rate
d,n ) of

5.0kW. It is assumed that the battery owner charges or discharges the

battery based on a Gaussian random walk with a minimum power
draw of 1.5 kW in either direction. This could be representative
of excess or deficit solar PV production. EVs, on the other hand,
are assumed to have an electric driving range of 150 miles and an
electric driving efficiency of 7 miles-per-kWh. The PEM system
has the task to track a detrended and scaled regulation signal [29].
The most important observation is that under the conditions for
guaranteeing QoS one can construct a rule for acceptance such that
the three populations work together to balance their output power
with respect to the given reference in a manner that average SoC
is close to the predefined set points. The specifics of this tracking
problem and how the populations work in tandem are detailed in [30].
In addition, Figure 10 shows the number of requests from the three
populations as a function of time. The VPP chooses a percentage
of these charge and discharge packet requests in order to balance
the regulation signal provided by the system operator as a reference.
Note also that the QoS for each population is maintained around
its predefined set point even though the populations are providing
power balancing dynamically (i.e., without predictive optimization).
As can be seen in Fig. 9, the EWHs and EVs effectively provide
the bias while the ESS provide the corrective (together with EWHs)
for tracking the regulation signal. Furthermore, to achieve desired
tracking of the reference regulation signal, the ESS population’s
average SOC deviates slightly (< 5%) from the desired set-point,
which increases the number of ESS discharging requests. The inter-
nal feedback offered by the population’s packet request mechanism
drives the availability upward/downward flexibility. In this case,
the ESS population alone can offer more downward flexibility
(discharge) than upward flexibility (charge) when the VPP receives
more discharge requests than charge requests. Of course, if the
reference signal was biased downward, the populations would have
to deviate from their SoC set-point to achieve satisfactory tracking
performance, which would effectively discharge the populations
over time and lead to an increase in the number of charge requests.
After discharging for sufficiently long, the opt-out mechanism
built into PEM would override the request-response mechanism
and devices would opt-out and tracking performance would be
negatively affected. The coupling between discharge/charge duration
and tracking performance is the subject of ongoing work and has led
to development of improved PEM-VPP controller designs [30] and
energy-based modeling of PEM population to capture the battery-
like, energy-power relations.

V. CONCLUSION AND FUTURE WORK

This manuscript presented a macro-model for the aggregation
of a system comprised by DERs. The approach was based on
a bottom-up DER coordination methodology called PEM. The
macro-model was described as a controlled Markov chain that
included the mechanics of accepting, active, and expiring packets
with the help of two timers to differentiate charging and discharging
packet requests. Finally, QoS guarantees were given for TCLs and
ESS with an opt-out mechanism while QoS guarantees for EVs
were provided in terms of EVs’ average arrival and departure rates.

Future work involves addressing heterogeneity of the macro-
model either by clustering or by a set-based Markov model.
Moreover, the dependence of end-user event rates and magnitudes
on opt-out conditions is currently being explored by the authors
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Fig. 9. (Top) The result of a fleet comprised of 1000 EWHs, 1000 ESSs and
250 EVs tracking a regulation reference signal (Middle) Individual contribution
of EWHs, ESSs and EVs to balance the regulation signal (Bottom) The average
SoC for EWHs (◦C), ESSs (%) and EVs (%).

Fig. 10. Number of charging and discharging requests from the EWH, ESS and
EV standby populations.

to study time-of-day changes in dispatchable demand. Finally,
incorporating live grid conditions into the PEM macromodel is of
interest to grid operators and aggregators.
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