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Abstract—High penetration of renewable resources results
in a power system with lower inertia and higher frequency
sensitivity to power imbalances. Such systems are becoming
increasingly susceptible to frequency collapse during extreme
disturbances. Under-Frequency Load Shedding (UFLS) is a
last-resort protection scheme and acts as an emergency brake by
shedding load to arrest frequency decline. Current and emerging
efforts to optimize UFLS settings and frequency thresholds are
mostly network agnostic, ignoring network spatial information.
With the prevalence of Distributed Energy Resources (DERs)
in the high-renewable paradigm, the power grid is becoming
more bidirectional, making some locations in the network less
effective for UFLS action than others. This work proposes
a Mixed Integer Linear Program that optimizes the UFLS
setpoints (prioritizing one location over another) to minimize
frequency deviation and load-shed for a given disturbance. The
formulation considers system information and DER generation
mix at different network locations, increasing model fidelity. The
formulation also captures the discrete nature and practical time
delays and deadbands associated with UFLS using a minimal set
of binary variables, reducing problem complexity. We empirically
validate the optimization approach on the dynamic IEEE 39-bus
system for performance metrics, including frequency nadir,
steady-state frequency and total load shed.

Index Terms—Under-frequency Load Shedding, Mixed Integer
Optimization, Dynamics, Distributed Energy Resources

I. INTRODUCTION

Renewable energy resources (RES) are being deployed at
an increasing rate. This has resulted in lower system inertia
and larger frequency sensitivity to power imbalances. As such,
the system is more prone to under-frequency events during
disturbances like the loss of a major generator, which can lead
to a blackout if not dealt with promptly. To arrest the frequency
decline before it reaches undesirable levels, appropriate
control measures must be established. Under-frequency load
shedding (UFLS) is the power system’s emergency control
mechanism [1], designed to arrest frequency decline during
large/extreme under-frequency events by shedding load and
easing imbalances between generation and demand.

UFLS can be divided into two main categories: i)
conventional UFLS, which entails shedding a certain (pre-
defined) amount of load at specified frequency thresholds,
ii) adaptive UFLS schemes, which shed load based on the
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rate of change of frequency (RoCoF) and/or the frequency
deviation from nominal [2]–[5]. Note, that adaptive UFLS
schemes can further be classified into several sub-categories.

Conventional UFLS schemes operate under outdated as-
sumptions, which may lead to sub-optimal load-shedding [5]–
[8]. Many methods of optimizing the conventional UFLS
scheme have been proposed in recent literature. The authors
in [9], [10] and [11] present a Mixed Integer Linear Program
(MILP) formulation to optimally obtain frequency thresholds
and load shedding amount for each stage. The work optimizes
the setpoints in a conventional UFLS setting, considering time
delay, system inertia, damping, and uncertainty from solar PV
generation. However, the MILP formulations presented reduce
the network and use the center of inertia (CoI) to capture
system dynamics losing network spatial information in the pro-
cess. With the increased penetration of Distributed Energy Re-
sources (DERs) in the grid, the power system is subject to bidi-
rectional injections, with some areas having distributed gener-
ation that exceeds demand (back-feeding). Triggering a UFLS
relay, at a back-feeding substation would lead to a loss of (net)
generation and will worsen frequency conditions. Therefore,
considering network spatial information and information about
DER generation in the UFLS scheme design is crucial as the
grid transitions into a more renewable and bidirectional future.

On the other hand, adaptive UFLS methods may also shed
load sub-optimally, as local RoCoF measurements alone can
be inaccurate are insufficient due to noise. While the CoI
RoCoF is used in adaptive schemes [12], precise CoI RoCoF
measurements require PMUs at all generator buses, increasing
cost and adding a significant communication overhead [13].
Several adaptive UFLS schemes have also been proposed. The
CoI RoCoF is approximated in [4] from local measurements
based on the inflection points of the local frequency. In [14], a
RoCoF-based local UFLS system was proposed; this method
estimates RoCoF and frequency using PMU measurements
which are then used to determine the amount of load to be
shed. In [15], the author presents a nonrecursive Newton-type
approach for estimating frequency and RoCoF which are then
used to determine the load shed. However, RoCoF is sensitive
to noise, which can cause over/under load shedding.

Adaptive UFLS schemes come with several practical
implementation challenges [13], and are still agnostic
to network spatial information and DER generation
information [4], [14], [15]. Static conventional UFLS schemes
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operate on outdated assumptions leading to sub-optimal
performance. While MILP-based formulations have been used
to optimize conventional UFLS scheme design [9], [11], they
have been network agnostic and questions of where to shed the
load, how much load should be shed, and whether some buses
are more suitable for UFLS than others are still unanswered.
Previous work presented in [16], [17] consider the network
spatial information for continuously controllable resources
such as inverters providing virtual inertia/damping. However,
UFLS schemes do not entail continuously controllable
resources since load shedding is discrete in nature.

Hence, this work proposes an optimization framework
wherein UFLS setpoints are adapted regularly by considering
changing grid conditions, network spatial information and
DER generation information to UFLS scheme-design. The
paper’s contributions are summarized as follows:

1) Improved model fidelity: We design a high-fidelity
UFLS scheme with a MILP-based optimization that
incorporates spatial information to optimize UFLS
parameters. The formulation also incorporates temporal
information about DER generation at various bus
locations to mitigate the adverse effects of triggering
a UFLS relay at locations where back-feeding occurs.
Furthermore, DER generation information is also used
to maximize the performance of the UFLS scheme
while minimizing the amount of load shed.

2) Reduced solution complexity: We reduce complexity
in MILP formulation by using a single binary variable
to a) indicate when the frequency is below the threshold
and b) when the load-shedding action is activated.

3) Empirical validation: We demonstrate the efficacy and
benefits of our proposed approach with simulation-based
analysis on validated dynamic test cases.

The rest of the paper is arranged as follows: Section II
describes the dynamic model used in the UFLS scheme
design and validates the linear model against present non-
linear dynamic models. Section III describes the optimization
problem formulation. Section IV covers the UFLS parameter
selection methodology. Section V and Section VI discuss the
results and conclusion, respectively.

II. SYSTEM MODELING AND VALIDATION

A. System Modeling

The bulk power system dynamics are governed by AC
power flow equations, swing equations, generator governor
and turbine dynamics, automatic voltage regulators, and load
models. For the analysis in this paper, we adopt a simplified
dynamics model of the power grid that considers the generator
governor, swing equations, and DC power flow equations.
In Section II-B, we evaluate the efficacy of this simplified
model against the nonlinear model. The simplified dynamic
network model is adapted from [17] and [18]. In the model,
we denote deviations in voltage phase angle and angular
frequency from nominal, at each bus n∈B :={1,...,N}, as θn

and ωn, respectively. That is, at nominal steady state, θn=0
rad and ωn=0 pu.

Let a power system be described by a weighted graph G=
(B,E). B is the set of buses is composed of the union of dis-
joint sets of generator (BG) and non-generator (BL) buses, i.e.
B=BG∪BL and BG∩BL=∅. E denotes the transmission lines
connecting the buses in the network, each line is weighted with
its corresponding line susceptance. Let the number of buses in
the system be N and the number of edges (transmission lines)
be Ne. The bus-line incidence matrix, C∈RN×Ne , is

Cje=


1 if node j is the source of edge e

−1 if node j is the sink of edge e

0 otherwise
. (1)

Denote Be∈RNe×Ne the diagonal matrix with entries Bij .
The weighted graph Laplacian matrix, L ∈ Sn where Sn is
the set of symmetric n×n matrices, can be defined as

L=CBeC
T . (2)

Thus, let θG and ωG denote vectors with the angles and fre-
quencies of generator buses while θL and ωL denote vectors of
angles and frequencies at non-generator buses. Collating these
vectors yields the full network’s bus angles and frequencies

θ :=

[
θG
θL

]
ω :=

[
ωG

ωL

]
(3)

To incorporate the dynamics of generator bus angles and
frequencies, the swing equations are used for every generator
bus n∈BG as

θ̇G,n=ωbaseωG,n (4)
Mnω̇G,n=PLine,n−DnωG,n+Pm,n+PUFLS,n+∆n, (5)

where M and D are the generator inertia and damping
coefficients, respectfully, PLine,n is the deviation in the net
power injection to bus n from nominal, and Pm,n is the
deviation in generator mechanical power input from nominal
and driven by the governor. The base frequency is denoted
ωbase and is in rad/sec. Note, a factor of ωbase is needed in
(4) since the frequency is in per unit and the bus angle is in
radians. ∆n denotes the disturbance occurring at bus n. The
net load shed at bus n is denoted PUFLS,n. If a bus does not
have load or is not participating in the UFLS scheme, then
the corresponding PUFLS,n is omitted.

Remark 1 (Load Shed vs Power Disruption). UFLS has
historically been implemented at distribution substation, but
With the prevalence of DERs, including PV generation, at the
load side, distribution substations are increasingly becoming
bidirectional at the T&D interface. Thus, tripping a UFLS
relay on a back-feeding substation results in a net increase
in generation. With DER generation in mind, it is important
to consider that UFLS schemes will not just be limited to
shedding the load, but more broadly will be causing power dis-
ruptions (i.e. result in sudden drop of either net generation or

23rd Power Systems Computation Conference

PSCC 2024

Paris, France — June 4 – 7, 2024



load). The goal of any intelligent UFLS scheme is then to min-
imize power disruptions from back-feeding substations while
shedding enough load elsewhere to arrest frequency declines.

The mechanical power input to the generator n from the
governor is modeled as a first-order low-pass filter with the
transfer function shown below:

Pm,n(s)=−
Kgov,n

Tgov,ns+1
ωn, (6)

where Kgov,n is the governor gain and Tgov,n is the governor
time constant. In time domain, the mechanical power input,
Pm,n(t)=−Kgov,nxgov,n(t), yields governor dynamics:

⇒ ẋgov,n=
1

Tgov,n
(ωG,n−xgov,n) ∀n∈BG. (7)

The change in net power flowing into bus i is a function of
the change in sum of line flows:

Pi,Line=−
∑
j∈Ni

Pij , ∀i∈B (8)

where Pij is the line flow from bus i to bus j and Ni⊂B is
the subset of buses that are neighbors to bus i. The DC-power
flow is chosen to model the line flows:

Pij=Bij(θi−θj) ∀{i,j}∈E . (9)

From (9), the net line flow injection at any bus n ∈ B is
defined by the nth element of the product of the weighted
graph Laplacian (L) and the vector θ:

PLine,n=−[Lθ]n. (10)

For buses without a generator, the bus angles and frequencies
are governed by the following:

ΠLLθ=ΠLPUFLS+ΠL∆, (11)

where ΠL is the non-generator bus selection matrix satisfying
θL = ΠLθ. Differentiating (11), the frequency dynamics at
non-generating buses are given by:

ΠLLθ̇=ωbaseΠLLω=ΠLṖUFLS+ΠL∆̇. (12)

In UFLS applications, PUFLS and ∆ are step inputs to
the system model equations, which implies that their
derivatives are impulse functions that are non-zero for only an
infinitesimal time duration. This simplifies the non-generator
equations to the following expression [18]:

ωbaseΠLLω=0. (13)

The bus frequencies can be expressed as a set of Differential
Algebraic Equations (DAEs), where (4)-(5) govern θG and
ωG and (11) and (13) govern θL and ωL.
The set of differential equations defined in (4)-(5) are then
discretized in time using trapezoidal integration, which yields
the difference equation

x[tn+1]≈x[tn]+
∆t

2
(Ax[tn+1]+BPUFLS[tn+1]

+G∆[tn+1]+Ax[tn]+BPUFLS[tn]+G∆[tn]), (14)

where vector x⊤ :=col{θ⊤,ω⊤,x⊤
gov}. For details on the A,B,

and G matrices, please see Appendix.

Fig. 1. Illustrative comparison of linear and nonlinear (PSAT) models with
and without UFLS enabled.

B. Model Validation

The linear DAE model presented in the previous section
is validated against the full nonlinear dynamics model using
the WECC 9 bus system. The validation is conducted via
the Power System Analysis Toolbox (PSAT) [19], which
considers the nonlinear AC power flow equations, swing
equations, governor dynamics, automatic voltage regulator,
higher order generator model, and converted constant power
load models. The WECC 9 bus system parameters were
obtained from PSAT. In determining how well the linear
model captures the dominant nonlinear PSAT modes, the
focus of validation is on the bus frequencies.

Two scenarios are set up for validation, each of which
consider a loss of generator #3 as the disturbance, 1)
without UFLS action and 2) with UFLS. The conventional
UFLS frequency thresholds and load shed amounts were
implemented as laid out by NERC PRC-006. Fig 1, shows the
post-disturbance frequency of Bus 2 obtained from both the
linear model and PSAT. The maximum and average absolute
error between the linear model and PSAT bus frequencies
(across all buses) are calculated and summarized in Table I. It
is clear for Fig 1 that Bus 2 frequency response is sufficiently
accurate with the simplified model for the purpose of the
UFLS scheme design in this paper.

TABLE I
COMPARING LINEAR SYSTEM MODEL VS PSAT’S NONLINEAR MODEL

Without UFLS With UFLS

Mean Absolute Error (Hz) 0.03 0.02
Max Absolute Error (Hz) 0.13 0.18

The linear model mimics the overall frequency trend well
from the nonlinear dynamics model for both scenarios. The
discrepancies in the bus frequency are largely due to the
linear model employing the DC power flow and the nonlinear
PSAT using the full AC power flow.

III. OPTIMIZATION FORMULATION

The linear model discussed in Section II is used to
optimize the UFLS settings within existing guidelines laid out
in NERC PRC-006. A UFLS scheme is defined by setpoints

23rd Power Systems Computation Conference

PSCC 2024

Paris, France — June 4 – 7, 2024



that specify the amount of load to be shed at each load bus
and the corresponding frequency thresholds at which the load
shedding should be triggered. A MILP problem formulation
is developed to find the optimal frequency thresholds, amount
of load shed and location of load shed for a given disturbance
∆(t). We extend the analysis across a set of disturbances.
Three performance metrics of a UFLS scheme are considered,
i) the minimum bus frequency (frequency nadir), ii) the total
load shed, and iii) the steady state frequency deviation. A
multi-objective objective function is formulated incorporating
the three metrics. The following objective function is used:

min γ1

N∑
n=1

||ωn||∞+γ2
∑
n∈BL

Pn
sh[K]+γ3

N∑
n=1

|ωn[K]|. (15)

The first term in the objective function is the sum of the
maximum frequency deviation, where ωn is a vector whose
elements are the frequency deviation at bus n for all timesteps
considered in the time horizon. The second term is the sum of
the load shed at the end of the time horizon. The third term
is the sum of the steady state frequency deviation from 60 Hz
for each bus. Note, if a sufficiently large time horizon will
allow the bus frequencies to settle after a transient and the
terminal frequencies ω[K] will be the steady state frequencies
where K is the length of the time horizon considered. The
parameters γ1, γ2 and γ3 are the relative weights are used
to prioritize the different objectives in the multi-objective
objective function. In the objective function considered the
cost associated with shedding load at all buses is the same
therefore a common weight (γ2) is considered for all the
buses. However, if that is not the case then a location specific
cost (γn

2 ) can be considered.

A. UFLS Practical System Implications

In a UFLS scheme, the load is shed in discrete amounts
and only after the bus frequency falls below a specific thresh-
old frequency. A UFLS scheme usually includes multiple
stages, each with an associated amount of load shed and a
corresponding frequency threshold. Also, for the timescale
of the disturbance, the shed load is not reconnected back
into the system. This means that the amount of load shed
should be non-decreasing over time. Furthermore, to account
for noise in frequency measurements, the load is not shed
based on instantaneous frequency values; instead, a deadband
is added to ensure that the load shedding only occurs after
being below a frequency threshold for a given time (300
ms). In addition, UFLS relays cannot instantaneously trigger a
circuit breaker, and a delay between relay tripping and circuit
breaker actuation needs to be considered (100ms). [11] and [9]
consider these practical constraints by introducing two binary
variables. One of the binary variables indicates whether the
frequency is below the threshold, and the second models the
deadband and only becomes 1 if the frequency is below the
threshold for more than the deadband time. Extending these
formulations to include the network information increases the
number of binary variables by a factor of N , where N is the

number of buses. This paper ensures the UFLS practical con-
straints are met with half as many binary variables, reducing
computational complexity. Moreover, the underlying problem
formulation is a computationally tractable MILP problem
compared to the non-convex formulation in [11] and [9].

1) Frequency Thresholds: The MILP formulation needs to
allow the load to be shed only when the frequency at the bus
is below a frequency threshold, ωi

sh, where the superscript
i denotes the stage of the UFLS scheme. The following
constraints defined in (16) indicate whether the corresponding
bus frequency is below the frequency threshold.

ωi
sh−ωn[k]−

k−1∑
l=1

αi
n[l]≤αi

n[k]≤1+ωi
sh−ωn[k] (16a)

αi
n[1]=0 ∧ αi

n[k] ∈{0,1} (16b)

for i=1,...,NUFLS. k=1,...,K, n=1,...,NL, where NUFLS is
the number of load shedding stages in the UFLS scheme, K
is the total number of timesteps, NL is the number of load
buses available for UFLS. The decision variable ωi

sh is the
frequency threshold for the ith UFLS load shedding stage and
ωn[k] is the predicted frequency at bus n. The constraints
(16a) and (16b) ensure that αi

n[k] is zero if ωn[k]≥ωi
sh.

2) Time delay and deadband: The formulation should
ensure that load shed at a bus is triggered when the frequency
has been below the frequency threshold (ωi

sh) for more than
the deadband (tdb). Also, there should be a time delay of
tdelay between triggering load shed and actual actuation.
Time delay and deadband are captured using the constraints
defined in (17).

0≤P i
n[k+1]−P i

n[k]≤Pαi
n[k−z] (17a)

P i
n[1]=0 (17b)

K∑
k=1

αi
n[k]≤Kdb :=

tdb
ts

(17c)

Psh,n[k+tdelay]=

NUFLS∑
i=1

P i
n[k] (17d)

for z = 0,...,Kdb−1, Kdb is the number of timesteps in the
deadband, P i

n is the UFLS load shed trigger at bus n and at the
ith UFLS stage and Psh is the amount of load shed caused by
triggering a UFLS relay and ts is the sampling time. (17a) and
(17b) requires αi

n[k] to be 1 for Kdb consecutive timesteps in
order to trigger a change in load shed, which is only possible
if the frequency was below the threshold for Kdb timesteps.
(17c) ensures load shed at a bus can be triggered only once
per UFLS stage, since a single UFLS stage does not involve
multiple load shed triggers. Lastly, (17d) ensures that the load
shed at a bus is equal to the sum of the load shed at each
UFLS stage, with an explicit delay to capture the time between
the UFLS relay triggering and circuit breaker actuation.

3) Load Shed Constraints: Since over the timescale of
the disturbance load shed is not reconnected back into the
system. A constraint is needed to ensure that the amount
of load shed at any given bus is non-decreasing with time.
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Also, the amount of load shed a given bus cannot exceed the
amount of load available at the bus, which implies that for
all times k and nodes n∈BL, we must satisfy:

Psh,n[k]≤Pmax
sh,n (18a)

0≤Psh,n[k+1]−Psh,n[k]. (18b)

4) Frequency Thresholds Constraints: Bus frequency
fluctuates typically as part of regular power system operation;
therefore, UFLS setpoints set close to nominal frequency
might trigger load shedding under normal conditions.
Furthermore, a minimum gap between two consecutive
frequency thresholds is needed to avoid overlap. The
following constraints ensure a maximum frequency threshold
and minimum frequency threshold gap:

ωi
sh≤ωmax

sh (19a)

ωi
sh−ωi+1

sh ≥∆ωmin. (19b)

B. DER Implications

With the prevalence of DERs such as residential PV, both
load and generation are present downstream of a UFLS relay.
Thus, when UFLS trips, it is the net load (i.e., the difference
between load and generation) that trips. During peak PV
generation and light load times, DER generation can exceed
demand resulting in what is known as ‘back-feeding.’ Shed-
ding load at that particular bus would result in a net decrease
in generation rather than a decrease in load, bringing down the
frequency even further. Therefore, the presence of DERs and
their relative power generation compared to the load must be
considered while designing a UFLS scheme for the modern
bidirectional power grid. Given a forecast of DER power
generation (P̂DER) and load (P̂Load) at different load bus
locations, the parameter βn is defined as the relative proportion
of DER generation to load at a load bus and is computed as

βn :=
P̂DER,n

P̂Load,n

, (20)

where P̂DER,n is the forecasted DER power generation at
bus n and P̂Load,n is the expected load power available at bus
n. Note, βn>1 indicates that there is back-feeding at bus n.
The introduction of the β values allows for the distinction
between the net decrease in load caused by tripping a UFLS
relay and the load that was disconnected due to tripping the
UFLS relay. The predicted value of β can be computed for
several time intervals and hence can be used in day-ahead
planning to optimize the UFLS setpoints. Fig 2 illustrates
how β values would evolve over the course of a day.

Using the β values, DER power generation can be incorpo-
rated into the optimization problem formulation as follows:

PUFLS[k]=Psh[k]−PDER[k], ∀k (21a)
PDER,n[k]=βnPsh,n[k] (21b)

where, PUFLS[k] is the net load shed at a bus which is the
difference between the load shed and the corresponding DER
generation that was also lost.

Fig. 2. Load and DER Generataion Profile and corresponding β’s

Lastly, the bus frequencies and angles should satisfy the
system model equation in (14). Thus, the overall optimization
problem becomes:

min
ωi

sh,P
n
sh

γ1

N∑
n=1

||ωn||∞+γ2
∑
n∈BL

Pn
sh[K]+γ3

N∑
n=1

|ωn[K]|

(22a)
s. t. (14),(16)−(21). (22b)

IV. SELECTION METHODOLOGY

The optimization problem formulation in (22) is used to find
the optimal location and amounts of load-shed at each stage
of UFLS. It also finds the optimal frequency thresholds for
a given disturbance. According to NERC reliability standard
PRC-006, a 25% imbalance between total system load and
generation is used to benchmark UFLS settings. PRC-006 lays
out how long a bus frequency can be at different frequency
levels, with a requirement on steady-state frequency to be
between 59.3 Hz and 60.7 Hz. For the time horizon considered
(20s), these requirements are met by constraining the fre-
quency to be above 58.5 Hz and that a steady state frequency is
between 59.3 Hz and 60.7 Hz. Moreover, PRC-006 mentions
that the load shed for any of the UFLS stages across the entire
system should not be more than 7.5% of the total load for
systems with a peak load of ≥ 100MW. With that, we seek
to optimize the load shed location, amount of load shed per
stage, and frequency thresholds within the stated guidelines.
A 25% load-generation imbalance, i.e. generation is lost such
that there is a 25% difference between the generation and load.
This may involve losing multiple generators that add up to a
25% imbalance throughout the system. Thus, several possible
25% imbalance disturbance scenarios exist. In practical situa-
tions, due to the unpredictability of disturbance locations, pin-
pointing the exact locations of generation loss is not possible.
Consequently, a set of ND possible disturbance scenarios are
identified and used to benchmark UFLS settings. However, for-
mulating the optimization problem to include all the ND possi-
ble disturbance scenarios would increase the number of binary
variables by a factor of ND, increasing the complexity and
computation burden significantly. Therefore, we optimize each
disturbance scenario separately and obtain ND optimal UFLS
settings. Subsequently, we find the mean, maximum, and
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minimum across all UFLS settings for each stage to make up
three candidate UFLS settings. Although, the UFLS setpoints
obtained directly from the MILP formulation yield the best
performance for a specific disturbance scenario, practically, the
disturbance scenario is unknown, making the direct use of the
optimal UFLS setpoints impractical. Therefore, the minimum,
maximum and mean of all of the MILP optimal UFLS
setpoints are considered and their performance is compared
to the ideal yet impractical optimal MILP UFLS setpoints.
Fig 3 shows the process of obtaining the ND different optimal
UFLS settings used to find the mean, minimum and maximum
UFLS settings. In a practical setting, the optimization for each
disturbance scenario can be done in parallel. This procedure
would be repeated for different time intervals throughout the
day and used to optimize UFLS setting in day-ahead planning.

Fig. 3. Flow chart for generating optimal UFLS parameters for each scenario.

We have identified six disturbance scenarios in the IEEE-39
bus case where the cumulative loss of generation results in
approximately 25% imbalance between load and generation.
Using these scenarios

Note, it was observed that the maximum and minimum
UFLS setpoints discussed earlier yielded poor performance
and have a tendency to overshed and undershed respectively.
Hence, the mean UFLS setpoints will be considered and
benchmarked against the impractical optimal MILP setpoints
of the corresponding disturbance scenario to assess the loss
in optimality associated with the averaging.

We compare the system performance for each disturbance
scenario with i) the optimal UFLS settings for that disturbance
ii) the mean UFLS settings, and iii) the conventional UFLS
settings laid out in PRC-006. The three sets of UFLS setpoints
are summarized as follows:

1) Average of Optimal Setpoints (AOS): Obtained by
taking the mean of the optimal UFLS setpoints across
all disturbance scenarios.

2) Ideal Case Setpoints: The optimal UFLS setpoints
obtained from the proposed MILP optimization
formulation for a given disturbance. These setpoints are
the unrealistic/ideal case scenario, requiring omniscient
prior knowledge of the disturbance size and location,
which is impossible in a practical setting. They represent
the best possible UFLS scheme performance and are
used to asses the loss in optimality associated with the
MOS setpoints.

3) Conventional: The UFLS setpoints as laid out in
PRC-006 by NERC.

V. SIMULATION AND RESULTS

The proposed optimization-based UFLS scheme is evaluated
on the IEEE 39 bus system. Six disturbance scenarios were
identified, each involving a loss of multiple generators,
causing approximately a 25% imbalance between load and
generation. The optimal UFLS setpoints for each disturbance
scenario are obtained and then used to obtain the AOS UFLS
setpoints by averaging the setpoints across all disturbance
scenarios. The performance of the AOS setpoints is compared
to Ideal Case setpoints and the conventional UFLS setpoints
laid out by NERC in PRC-006. The following parameters
are used for our analyses: ∆ωmin = 0.1Hz, ωmax

sh = 59.5Hz,
a dead-band of 300ms, and a 100ms delay between relay
trigger and circuit breaker actuation. Each load shedding
stage is limited to 7.5% of the total load, and the load shed at
each bus is limited to the amount of load available at the bus.

Furthermore, four cases are identified to test the perfor-
mance of the proposed scheme under multiple scenarios. The
first case is the base case and assumes nominal operating
conditions with generation coming solely from synchronous
generation and no DER generation present at the load buses.
The second case considers DER generation is present at
the load buses. To simulate such a scenario β values were
randomly generated for the 20 load buses in the 39-bus system
with four random buses having β > 1, indicating back-feed.
Note, the introduction of DER’s reduces the net-load in the
system; therefore, the generation is reduced in proportion to
the reduction in net system load. The third case considers DER
generation at load buses and 50% reduction in inertia. The
reduction in inertia is meant to capture the scenario where in-
verter based resources (IBR) displace synchronous generation
resulting in a system with lower inertia and hence more sensi-
tive to power imbalances. In the previous three cases both the
frequency thresholds and the amount of shed were modified to
yield the Ideal case and, in turn, the AOS setpoints. This raises
the question of whether the proposed scheme’s improved per-
formance is due to its larger degree of freedom when selecting
UFLS setpoints compared to the conventional UFLS scheme.
Consequently, a fourth case is considered where the frequency
thresholds are fixed to be equal to that of the conventional
UFLS scheme. The only decision variables in this case are the
location and amount of load to shed for a better comparison.

The following metrics were used to assess the performance
of each of the UFLS schemes in arresting the frequency
decline during a disturbance:

1) Frequency Nadir: Bus frequencies need to be within
acceptable limits to ensure power system stability.
The frequency nadir is the minimum system-wide bus
frequency reached following a disturbance.

2) Total Amount of Load Shed (TLS): The total amount
of load shed across all buses at the end of the time
horizon (20 s) considered for analyzing the disturbance.

3) Steady State Frequency Deviation (∆fss): The frequency
deviation from 60 Hz after the system has reached
steady state.
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Fig. 4. Trade-off curve for objectives TLS and ∆fss

The stated metrics correspond to the individual terms in
the multi-objective function defined in (15). In choosing the
relative weights γ1,γ2,γ3 in objective function (15), the effect
of the choice of γ1,γ2 and γ3 on the three performance metrics
listed. The three terms in (15) were first normalized by their re-
spective worst-case values and then the values of γ1,γ2 and γ3
were varied within [0,1]. It was observed that the frequency
nadir was not significantly affected by the value of γ1 (< 50
mHz change), indicating that the frequency nadir is more dic-
tated by how fast the UFLS scheme can react to the frequency
decline which is mainly limited by the time delay and dead-
band. The relationship between TLS and ∆fss was also studied
as the value of γ2 changed in relation to γ3. A linear relation-
ship between TLS and ∆fss is observed and illustrated in Fig.4
which shows (TLS, ∆fss) for varying γ values. It is observed
that the TLS and ∆fss exhibit discrete changes as the values of
γ’s are varied which is not surprising given the discrete switch-
ing nature of the system. In this work, γ1,γ2 and γ3 are set to
be 1, 0.2, and 1 respectively (green diamond in Fig 4) prior-
itizing steady-state frequency and frequency nadir over TLS.

A. Case I: Base Case

In the base case scenario, the nominal parameter values
of the IEEE 39 bus system are utilized without any DER
generation or changes in inertia. For the six disturbance
scenarios, the frequency nadir, total load shed and the steady
state frequency deviation are obtained. Table II summarizes
the worst case frequency nadir, total load shed and the steady
state frequency across all six disturbance scenarios. Note
the worst case metric values may not correspond to the
same disturbance scenario. Fig 5 shows the bus frequencies
following a disturbance with each of the UFLS setpoints
(Ideal, AOS and Conventional) implemented.

TABLE II
UFLS SCHEME PERFORMANCE METRICS (BASE CASE)

Method Nadir (Hz) TLS (%) ∆fss (Hz)

Ideal Setpoints 59.03 25.96 0.01
AOS Setpoints 59.02 25.32 0.30
NERC Conventional Setpoints 59.02 15.00 0.59

All three UFLS setpoints produce similar frequency nadir
values. The conventional UFLS setpoints are observed to

Fig. 5. Frequency Response IEEE 39 Bus

Fig. 6. Frequency Response IEEE 39 Bus with DER Generation at Load Buses

under-shed load, resulting in the poorest performance in
terms of the steady state frequency. The AOS UFLS setpoints
result in an improved steady-state frequency compared to the
conventional UFLS scheme.

B. Case II: DERs at Load Buses

In this case, we introduced distributed energy resources
(DERs) at the load buses. Three buses are randomly selected
to have β∈ [1.1,1.3] to simulate back-feeding at those buses.
The β values for the rest of the buses are selected such that
β∈ [0,0.15], meaning anywhere between 0-15% of the load at a
load bus is supplied by DER generation at that bus. With DERs
now introduced at the load buses, there is a heterogeneity in
shedding load. Two relays with the same amount of net power
demand behind them could have vastly different amounts
of load connected with the introduction of DER generation
behind the UFLS relays.Table III summarizes the worst-case
frequency nadir, total load shed and the steady state frequency
across all six disturbance scenarios. Fig 6 shows the bus
frequencies following a disturbance with each of the UFLS
setpoints (Ideal, AOS and Conventional) implemented.

Table III shows that despite shedding a similar amounts
of load, the AOS setpoints and ideal setpoints perform better
in terms of frequency nadir and steady state frequency. The
conventional UFLS scheme operates statically, not adjusting
to DER generation at various buses. In contrast, the MILP-
based setpoints (AOS and Ideal) select buses optimal for
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TABLE III
UFLS SCHEME PERFORMANCE METRICS (WITH DERS)

Method Nadir (Hz) TLS (%) ∆fss (Hz)

Ideal Setpoints 59.12 26.98 0.01
AOS Setpoints 59.11 24.99 0.10
NERC Conventional Setpoints 59.07 26.54 0.59

UFLS, minimizing load shedding for the same power demand
reduction. Additionally, unlike the conventional method, the
AOS and Ideal setpoints avoid back-feeding buses entirely.
This is illustrated in Fig 7 which shows the UFLS load shed
setpoints for varying levels of DER penetration or, i.e., for
varying values of β. Note, that in the case when β > 1,
indicating back-feeding, no load is shed at that bus.

Fig. 7. UFLS setpoints for different DER penetration scenarios.

C. Case III: DERs at Load Buses and Low Inertia

In this case, the inertia at the generator buses is reduced
to half of the nominal value to simulate the effect of IBR’s
displacing synchronous generation resulting in a system with
lower inertia. Table IV summarizes the worst-case frequency
nadir, total load shed and the steady state frequency across
all six disturbance scenarios. Fig 8 shows the bus frequencies
following one of the disturbances with each of the UFLS
setpoints (Ideal, AOS and Conventional) implemented.

TABLE IV
UFLS SCHEME PERFORMANCE METRICS (WITH DERS AND LOW INERTIA)

Method Nadir (Hz) TLS (%) ∆fss (Hz)

Ideal Setpoints 58.95 26.80 0.01
AOS Setpoints 58.91 21.46 0.28
NERC Conventional 58.91 33.88 0.59

Similar to the previous case, the MILP based methods
were able to achieve a better worst case nadir and steady
state frequency deviation despite causing less amount of load
shed than the conventional UFLS scheme.

D. Case IV: Fixed UFLS Frequency Thresholds

The previous cases improved UFLS scheme performance
by adapting both the frequency thresholds and the load shed
amounts. For a better comparison with the conventional UFLS
scheme the UFLS frequency thresholds are constrained to be

Fig. 8. Frequency Response IEEE 39 Bus with DER Generation at Load
Buses and Low Inertia

Fig. 9. Frequency Response IEEE 39 Bus with Fixed Frequency Thresholds
(with DERs)

TABLE V
UFLS SCHEME PERFORMANCE METRICS WITH FIXED FREQUENCY

THRESHOLDS (WITH DERS)

Method Nadir (Hz) TLS (%) ∆fss (Hz)

Ideal Setpoints 59.12 26.98 0.01
AOS Setpoints 59.12 24.99 0.27
NERC Conventional Setpoints 59.09 26.54 0.59

equal to that of the conventional UFLS scheme for a better
comparison. It was observed that in the case without DER
generation present at the demand side, all three UFLS schemes
(Ideal, AOS and Conventional) yield similar performance.
However, with DERs introduced, the MILP-based methods
were able to leverage the spatial DER generation awareness
to optimally shed load at buses with less DER generation,
resulting in a larger reduction in power demand for the same
amount of load shed. Fig. 9 shows the bus frequencies after
the disturbance while using the three UFLS schemes (Ideal,
AOS and Conventional) respectively. Table V summarizes the
worst case frequency nadir, total load shed and the steady
state frequency across all six disturbance scenarios.

VI. CONCLUSION

A mixed-integer linear programming (MILP) formulation
was presented to obtain optimal UFLS setpoints in bulk
power grids that adapt with changing network conditions.
The MILP formulation utilizes a linear power system model

23rd Power Systems Computation Conference

PSCC 2024

Paris, France — June 4 – 7, 2024



that was validated against more accurate non-linear power
system dynamics simulators (PSAT). The proposed MILP
formulation halves the number of binary variables necessary
while still incorporating 1) conditions when the frequency is
predicted to be below a threshold and 2) triggering the load
shedding action. The formulation also accounts for forecasted
DER generation at each load bus to optimally embed UFLS
participation factors into the resulting UFLS parameters. This
was shown to yield improved UFLS scheme performance with
equivalent or even less amount of load shed compared to the
conventional UFLS scheme. The formulation also mitigates the
growing concern of triggering a UFLS relay at a load bus that
is back-feeding due to DER injections, which would worsen
the frequency response and could cause wide-scale blackouts.

Despite the MILP formulation being more efficient, it is
still non-convex (due to binary variables), which results in
a computationally complex approach. In addition, a solution
is only optimal with respect to its specific, pre-determined
disturbance (scenario). Thus, the MILP methodology must
compute optimal solutions across all salient scenarios. From
this database of solutions, we propose a methodology that
employs the mean UFLS settings across the identified
disturbance scenarios. Although the averaging of the UFLS
setpoints results in sub-optimal solution, the averaged dynamic
setpoints are observed to out-perform the conventional UFLS
setpoints, even when the frequency thresholds are constrained
to be the same as that of the conventional UFLS scheme.

Future work will focus on scaling up the formulation by
leveraging nonlinear programming formulations such as [20]
that offer scale and can serve to provide the MILP formulation
with a near-optimal, integer-feasible warm-start. Furthermore,
we are interested to investigate and improve robustness of the
approach by incorporating the uncertainty inherent to DER
injections (i.e., account for DER forecast errors).

APPENDIX

The system ODE’s can be expressed in the following form:

ẋG=Ax+BPUFLS+G∆ (23)

where x⊤ :=col{θ⊤,ω⊤,x⊤
gov} and x⊤

G :=col{θ⊤G,ω⊤
G ,x

⊤
gov}

The system matrix A is given by

A :=

 0 A12 0
A21 A22 A23

0 A32 A33

, (24)

where block matrices Aij are defined as

A12 :=ωbaseΠG A21 :=−M−1ΠG

A22 :=−M−1DΠG A23 :=−M−1Kgov

A32 :=T−1
gov ΠG A33 :=−T−1

gov .

ΠG is a selection matrix and is defined such that it satisfies
ωG=ΠGω. The matrices B and G can be expressed as

B :=

 0
−M−1ΠG

0

 and G :=

 0
−M−1ΠG

0

. (25)
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